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The elasti sattering dierential ross setion is alulated for proton sattering from
6
He at 717
MeV, using single sattering terms of the multiple sattering expansion of the total transition am-
plitude (MST). We analyse the eets of dierent sattering frameworks, speially the Fatorized
Impulse Approximation (FIA) and the Fixed Satterer (adiabati) Approximation (FSA) and the
unertainties assoiated with the use dierent struture models.
PACS numbers: 24.10.-i, 24.10.Ht, 24.70.+s, 25.40.Cm
I. INTRODUCTION
The understanding of nulei an only be fully ahieved by studying the way they interat with other nulei. This
is partiularly true for halo nulei, due to their short lifetime and simplied energy spetrum. We onsider here
the sattering of a strutureless projetile by a target assumed to be omposed of strutureless subsystems (as is
approximately the ase for halo nulei).
It is the aim of a mirosopi reation theory to onstrut the total sattering amplitude in terms of well dened
dynamial and strutural quantities. For the sattering of a nuleon by a target with N partiles, one has to solve a
n = N + 1 many body sattering problem. For N = 2 lusters of equal mass this has been done solving the Faddeev
equations [1℄ and generalized for N = 3 [2, 3℄. This many body sattering framework is however very ompliated,
and does not handle lusters of dierent mass, and so alternative methods have been developed as for example the
Continuum Disretized Coupled Channels (CDCC). In this approah a system of oupled equations needs to be solved
with eetive projetile-subsystem interations. This method has been suessfully applied for more than two deades
to the sattering of (N = 2)-body targets for a wide range of projetile masses and bombarding energies. The ase
of the sattering from a (N = 3)-body system is onsiderably more demanding, although some work is already in
progress [4℄. Alternatively in the high energy regime one an use a multiple sattering expansion of the total transition
amplitude, MST [1, 5, 6, 7, 8, 9℄.
When desribing the sattering of stable from halo nulei, it is ruial to model the halo many-body harater
of N omposite partiles [7, 8, 9℄. In partiular, a three or four-body problem has to be solved when studying the
sattering of a projetile by a target whih is a bound state of two or three subsystems, as is the ase for
11
Be and
6
He respetively.
This problem an be onveniently addressed by the MST approah. In this formalism, the projetile-target transition
amplitude is expanded in terms of o-shell transition amplitudes for projetile-subsystem sattering. Due to the
omplexity of the many-body operator, suitable approximations need to be made in order to express in a onvenient
way the overall sattering amplitude in terms of the sattering by eah target subsystem. Under further suitable
approximations eah term an be written in terms of a produt of a form fator and the transition amplitude for the
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2sattering for that subsystem. The MST method provides a lear and transparent interpretation of the sattering of a
omposite system in terms of the free sattering of its onstituents and is numerially advantageous. This sattering
framework is partiularly useful at high energies and for loosely bound nulei where the expansion is expeted to
onverge quikly.
In this paper, we use this framework to alulate the elasti sattering dierential ross setion for proton sattering
on
6
He at 717 MeV where new data has been obtained at higher transferred momentum than previously. These new
momentum transfers, however, still essentially probe only that part of the few-body dynamis of the halo luster whih
is onstrained by the rms radius. Therefore the few-body treatment of the halo is appropriate in this energy and
angular range, and we will see that alulated dierential ross setions for various struture models largely reets
properties losely onneted to rms radii. It is the aim of the present paper to larify and test the approximations
involved in the applying the MST multiple sattering expansion to nd the predited ross setions for proton-halo
elasti sattering at these momentum transfers. Speially, we examine (i) the impulse approximation, (ii) the
fatorization approximations and (iii) the single sattering approximation.
II. MULTIPLE SCATTERING EXPANSION OF THE TOTAL TRANSITION AMPLITUDE
We onsider the sattering of a projetile (system 1) from a few-body target onsisting of N sub-systems weakly
bound to eah other. We shall frequently refer to the omposite system as the target although in pratie an atual
experiment may be arried out with the omposite system as a projetile. The subsystems I,J , . . . are assumed to
be stable and an be either omposite nulei or nuleons. The total transition amplitude for the sattering is
T = V + V GT
=
n∑
I=2
vI +
n∑
I=2
vIGT , (1)
with n = N + 1, vI the interation between the projetile and the I target subsystem, and G is the propagator
G =
(
E+ −K −
∑
VIJ
)−1
. (2)
Here, E is the total energy and is related to the total inident kineti energy E1 =
h¯2k2
1
2µNA
by E = E1 + ǫ0 where
ǫ0 is the target ground state energy. At this stage we use non-relativisti kinematis. The inlusion of relativisti
kinematis will be disussed later. The operator K orresponds to the total kineti energy of the projetile and N
target sub-systems in the projetile-target enter of mass frame. In Eq. (2) VIJ is the interation between subsystems
I and J . Equivalently, we may write the propagator in terms of the kineti energy operator for the projetile K1 in
the enter of mass of the interating projetile-target (P-T) system, and the target nuleus Hamiltonian, H0
G =
(
E+ −K1 −H0
)−1
. (3)
The total transition amplitude, Eq.(1), an be rewritten as
T =
∑
I
τI +
∑
I
τIG
∑
J 6=I
τJ + · · · . (4)
where the projetile-I subsystem transition amplitude τI is given by
τI = vI + vIGτI . (5)
We note that the propagator in τI ontains the target Hamiltonian and thus it is still at this stage a many-body
operator. In the limit when the target nuleus subsystems are weakly bound to eah other, the multiple sattering
expansion to the P-T transition amplitude is expeted to onverge rapidly [5, 6℄ and the MST expansion Eq. (4) an
be used.
We apply next this formalism to proton sattering from a target of two and three bound strutureless subsystems.
III. THE SINGLE SCATTERING 3-BODY PROBLEM
We rst onsider the sattering of a projetile of mass m1 from a target (suh as
11
Be) assumed to be well desribed
by a two body model with two subsystems (of valene partile and a ore) labeled here as 2 and 3 of masses m2
3and m3 respetively. Let ~k1, ~k2, ~k3, (~k
′
1,
~k′2,
~k′3) be the initial (nal) momenta of the projetile and the two luster
subsystems.
Negleting ore exitation, the target wave funtion is
Φ(~r, ξ3) = [φ23(~r)⊗ ϕ3(ξ3)] , (6)
where ϕ3(ξ3) is the ore internal wave funtion and φ23 is the wave funtion desribing the relative motion of the
(2,3) pair.
The elasti transition amplitude to rst order in the projetile-subsystem transition amplitudes is
T = 〈~k′1Φ|τ2|~k1Φ〉+ 〈~k′1Φ|τ3|~k1Φ〉+ · · · (7)
There are two approahes in handling the dynamis of the few-body system: The impulse (I) and the Fixed Satterer
(or frozen halo, or adiabati) (FS) approah. They are related in high energy regime for speial ases of the sattering
amplitudes.
A. The fatorized impulse approximation [FIA℄
Within the impulse approximation, the interation between the lusters VIJ is assumed to have a negligible dy-
namial eet on the sattering of the projetile from the individual target subsystems and therefore an be negleted.
The operator projetile-I target subsystem transition amplitude τI is then replaed by
tˆI = vI + vIGˆ0tˆI (8)
where Gˆ0 ontains only the kineti energy operator K
Gˆ0 =
(
E+ −K)−1 . (9)
The transition amplitude tˆI is still a many body operator, beause the kineti energy operator has ontributions from
the projetile and all N target subsystems. The interation between the target subsystems leads to terms in 3rd
order of the tˆI transition amplitude. As we shall see, this projetile-I subsystem amplitude an be redued, after
suitable approximations, to a free two-body amplitude evaluated at the appropriate energy. Aepting the validity of
replaing τI by tˆI in Eq. (4) we obtain the multiple sattering expansion
T IA =
∑
I
tˆI +
∑
I
tˆIGˆ0
∑
J 6=I
tˆJ + · · · (10)
In the single sattering approximation (SA) only the rst term is taken into aount.
Let us onsider the sattering from subsystem I = 2. Beause from the dynamial point of view we want to redue
the problem to the projetile sattering from eah subsystem, we take as relevant oordinates the relative momentum
between projetile and subsystem I=2, ~q1,2, and the relative momentum between the target subsystems, ~q2,3, dened
here as
~q1,2 =
m2~k1 −m1~k2
M12
, ~q2,3 =
m3~k2 −m2~k3
M23
(11)
where M12 = m1 +m2,M23 = m2 +m3. In the three-partile .m. frame, ~Pt =
∑3
i=1
~ki = 0 ( ~P ′t =
∑3
i=1
~k ′i = 0),
and the propagator Gˆ0 is
Gˆ0 =
[
E+ − h¯
2
2µ12
q212 −
h¯2
2µ12,3
k23
]−1
=
[
E+ − h¯
2
2µ12
q212 −
h¯2
2µ12,3
(
~q23 +
m3
M23
~k1
)2]−1
(12)
with µ12 = m1m2/M12 and µ12,3 = m3M12/M123, M123 = m1+m2+m3. The total energy, negleting binding eets,
is
E =
h¯2
2µ1,23
k21 +
h¯2
2µ23
Q223 , (13)
4with µ1,23 = m1M23/M123, and ~Q23 an average relative momentum between the target subsystems, to be speied
below. The single sattering matrix elements are
〈~k′1φ23|tˆ2|~k1φ23〉 =
∫
d~q23φ
∗
23
(
~q23 − m3
M23
~∆
)
× 〈~q ′1,2|tˆ2(ωˆ12)|~q1,2〉φ23 (~q23) . (14)
Here,
~∆ is the projetile momentum transfer
~∆ = ~k′1 − ~k1 . (15)
The initial and nal relative momenta between the projetile and the subsystem I = 2, ~q1,2 and ~q ′1,2 are respetively
~q1,2 =
µ12
µ1,23
~k1 − µ12
m2
~q2,3 = β12~k1 − α12~q2,3 ,
~q ′1,2 =
µ12
µ1,23
~k ′1 −
µ12
m2
~q ′2,3 = β12
~k ′1 − α12~q ′2,3
=
µ12
µ1,23
~k ′1 −
µ12
m2
~q2,3 +
µ12
m2
m3
M23
~∆
= β12~k
′
1 − α12~q2,3 + α12γ12~∆ , (16)
with β12 = µ12/µ1,23, α12 = µ12/m2, and γ12 = µ23/m2. We shall use these whenever a simplied notation is required.
These new parameters satisfy β12 + α12γ12 = 1, from whih it follows, together with Eq. (16), that the ondition
~q ′1,2 − ~q1,2 = ~∆ neessarily holds. The energy parameter ωˆ12 is
ωˆ12 = E − h¯
2
µ12,3
(
~q23 +
m3
M23
~k1
)2
. (17)
The single-sattering matrix elements of Eq. (14) involve a full folding integral of a produt of a transition amplitude
and a target form fator. This integral may be quite involved. As we shall see below, in the high energy regime,
the relative momentum of the interating pair ~q23 an be approximated by a suitable value ~Q23. One replaed in
Eqs. (16-17) one obtains a fatorized impulse approximation (FIA) expression,
TFIA(E) = 〈 ~Q ′12|tˆ2(ω12)| ~Q12〉ρ23
(
m3
M23
~∆
)
+ 〈 ~Q ′13φ3|tˆ3(ω13)|φ3 ~Q13〉ρ23
(
m2
M23
~∆
)
, (18)
where
~Q1I is approximate relative momentum projetile-subsystem I, ω1I the energy parameter and ρ23 the target
form fator
ρ23
(
~∆1
)
=
∫
d~q23φ
∗
23
(
~q23 − ~∆1
)
φ23 (~q23) (19)
In the limit of a heavy subsystem m3 ≫ m2, we obtain the expeted limit of ρ23
(
m2
M23
~∆
)
= 1. Equivalently, we
an write the sattering amplitudes in terms of the transferred momentum ~κ12 = ~Q ′12 − ~Q12 and total momentum
~K12 = [ ~Q ′12 + ~Q12]/2:
TFIA(E) = tˆ2(ω12, ~κ12, ~K12)ρ23
(
m3
M23
~∆
)
+ tˆ3(ω13, ~κ13, ~K13)ρ23
(
m2
M23
~∆
)
. (20)
The sattering amplitudes are on-shell if | ~Q1I | = | ~Q ′1I | =
√
2µ1,Iω1I/h¯. In this ase the sattering amplitudes are
loal. As we shall show below, although ~q ′1,2−~q1,2 = ~∆, the approximate FIA may not satisfy ~κ12 = ~∆. The sattering
amplitudes are related to the transition amplitude aording to [1℄
|F (E)|2 = (2π
2)4
h¯v1
k21
dk1
dE
|T (E)|2 (21)
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FIG. 1: (Color online) Kinematis for the 3-body sattering in the impulse approximation of Kujawski and Lambert (KL).
The dashed lines represent the momentum transfer for the ase of the 3-body system (dashed dark line) and the 2-body
system (dashed light line). The vetors
~k(~k ′) represent the initial (nal) projetile momenta, and ~Q( ~Q ′) the initial (nal)
projetile-subsystem I relative momenta.
for projetile target sattering, and
|fI(ω1I)|2 = (2π
2)4
h¯v1
k21
dk1
dω1I
|tI(ω1I)|2 (22)
for projetile subsystem I sattering. The elasti dierential angular distribution is then evaluated from the total
sattering amplitude on-shell
FFIA(E) = N 1/212 fˆ2(ω12, ~κ12)ρ23
(
m3
M23
~∆
)
+N 1/213 fˆ3(ω13, ~κ13)ρ23
(
m2
M23
~∆
)
, (23)
where the normalization fators are
N1I =
[
1
dω1I/dE
]2
. (24)
We now disuss several fatorized impulse approximations that an be found in the literature. All these approximations
use Eq. (14) as starting point. The dierenes between the models arise from the approximations performed to obtain
a fatorized expression of the form (18).
1. The 3b on-shell FIA [Kujawski and Lambert℄
In the fatorized on-shell approximation, disussed in the work of Kujawski and Lambert (KL) [10℄, the inident
and outgoing relative momenta of the subsystems q23(q
′
23) are negleted by omparison with the projetile momentum.
That is, inserting
| ~Q23| = 0 (25)
into Eq. (16-17), one obtains for the relative momenta between the projetile and subsystem I = 2
~Q12 = µ12
µ1,23
~k1 , ~Q ′12 =
µ12
µ1,23
~k ′1 , (26)
and for the energy parameter
ω12 =
h¯2
2µ12
| ~Q12|2 = µ12
µ1,23
E . (27)
6Similar expressions are obtained for the sattering from subsystem I = 3
~Q13 = µ13
µ1,23
~k1 , ~Q ′13 =
µ12
µ1,23
~k ′1 , (28)
and for the energy parameter
ω13 =
µ13
µ1,23
E . (29)
The kinematis for the KL approximation is represented shematially in Fig. 1. Clearly, in this approah the relative
projetile-subsystem I momentum is a fration of the total transfered momentum ~∆
~κ1I =
µ1I
µ1,23
~∆ . (30)
The single sattering terms are then
T = 〈 µ12
µ1,23
~k ′1|tˆ2(ω12)|
µ12
µ1,23
~k1〉ρ23
(
m3
M23
~∆
)
+ 〈 µ13
µ1,23
~k ′1|tˆ3(ω13)|
µ13
µ1,23
~k1〉ρ23
(
m2
M23
~∆
)
. (31)
By onstrution from Eqs. (26-27), the matrix elements of the transition amplitudes tˆ2 and tˆ3 are on-shell. Equivalently
one may write the transition amplitudes as a funtion of the projetile momentum transfer
T = tˆ2(ω12,
µ12
µ1,23
~∆)ρ23
(
m3
M23
~∆
)
+ tˆ3(ω13,
µ13
µ1,23
~∆)ρ23
(
m2
M23
~∆
)
.
(32)
Using Eqs. (31) and (23), the total sattering amplitude F an be written in terms of the sattering amplitudes for
eah subsystem fI , with normalization oeients
N1I =
(
µ1,23
µ1I
)2
, I = 1, 2 . (33)
2. The 3b on-shell FIA [Rihan℄
The optimal fatorized approximation disussed in the work of Rihan [11, 12℄ was formulated for a three body
problem in the ontext of the multiple sattering expansion of the optial potential. It was to our knowledge never
applied to a spei sattering problem. In this approximation, the relative momentum between the two subsystems
~q23 is taken as the mid-point where the produt of the wave funtions peaks in Eq. (14), that is,
~Q23 =
1
2
m3
M23
~∆ . (34)
Substituting this into Eq. (16), the relative momenta are
~Q12 = β12~k1 − α12γ12
2
~∆
~Q ′12 = β12~k ′1 +
α12γ12
2
~∆ , (35)
and the energy parameter is
ω12 =
h¯2
2µ12
| ~Q12|2 = Ĉ12 µ1,2
µ1,23
E (36)
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FIG. 2: (Color online) Kinematis for the 3-body sattering in optimal fatorization impulse approximation of Rihan. The
lines and vetors have the same meaning as in Fig. 1.
with
Ĉ12 =
[
µ1,23
µ12
]2
[1 + C12 + C12 cos θ] . (37)
Here, θ is the projetile-target sattering angle and
C12 = −α12γ12 + 1
2
α212γ
2
12 . (38)
For small sattering angles Ĉ12 ∼ 1. Similar expressions an be obtained for the sattering from subsystem I = 3.
The kinematis for the Rihan approximation is represented shematially in Fig. 2. Within this approximation,
using β12 + α12γ12 = 1, it follows that
~κ1I = ~∆ (39)
The single-sattering matrix elements are
T = 〈β12~k ′1 +
α12γ12
2
~∆|tˆ2(ω12)|β12~k1 − α12γ12
2
~∆〉ρ23
(
m3
M23
~∆
)
+ 〈β13~k ′1 +
α13γ13
2
~∆|tˆ3(ω13)|β13~k1 − α13γ13
2
~∆〉ρ23
(
m2
M23
~∆
)
. (40)
Equivalently one may write the transition amplitude in terms of the projetile momentum transfer
T = tˆ2
(
ω12, ~∆
)
ρ23
(
m3
M23
~∆
)
+ tˆ3
(
ω13, ~∆
)
ρ23
(
m2
M23
~∆
)
. (41)
By onstrution from Eq. (35) and Eq. (36), the matrix elements are on-shell.
Making use of Eqs. (31) and (23), the total sattering amplitude F an be written in terms of the sattering
amplitudes for eah subsystem fI , where the normalization oeients are
N1I =
(
µ1,23
µ1I
)2(
1
Ĉ1I
)2
, I = 1, 2 . (42)
We note that for small sattering angles the energy parameters redue to Eqs. (29) and (27) and the normalization
oeients to Eq. (33).
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FIG. 3: (Color online) Kinematis for the 3-body sattering in the on-shell impulse approximation of Chew. The lines and
vetors have the same meaning as in Fig. 1.
3. The 3b on-shell FIA [Chew℄
For ompleteness we disuss now the approximation disussed in [13, 14℄, although no pratial appliation will be
made here. Within this approximation, the relative inident momenta between the subsystems q23 is again negleted
when ompared with the inident projetile momentum. That is, setting Q23 = 0 one gets
~Q12 = µ12
µ1,23
~k1 . (43)
In addition, it is also assumed that
| ~Q ′12| = | ~Q12| , |~κ| = |~∆| . (44)
The kinematis in the Chew approximation is represented shematially in Fig. 3.
The energy parameters, ω12 and ω13 are given by Eq. (27) and Eq. (29) respetively. By onstrution from these
equations the matrix elements are on the energy shell. The normalization oeients for the angular sattering
amplitudes are idential to those derived in the KL approximation Eq. (33).
4. The 3b on-shell FIA [Crespo and Johnson℄
In this approah, followed in the most urrent appliations of MST [7, 8, 9℄, the initial internal relative momentum
q23 is negleted in the transition matrix elements, and thus Eq. (43) is satised. In addition,
~Q ′12 = ~Q12 + ~∆ (45)
The energy parameters, ω12 and ω13 are given by Eq. (27) and Eq. (29) respetively.
The single-sattering terms an then be written as a funtion of the transition amplitude for proton-subsystem
sattering and the density for the subsystem ρ23,
T = 〈 µ12
µ1,23
~k 1 + ~∆|tˆ2(ω12)| µ12
µ1,23
~k1〉ρ23
(
m3
M23
~∆
)
+ 〈 µ13
µ1,23
~k1 + ~∆|tˆ3(ω13)| µ13
µ1,23
~k1〉ρ23
(
m2
M23
~∆
)
(46)
or equivalently
T = tˆ2(ω12,∆,K12, φ)ρ23
(
m3
M23
~∆
)
+ tˆ3(ω13,∆,K13, φ)ρ23
(
m2
M23
~∆
)
,
(47)
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FIG. 4: (Color online) Kinematis for the 3-body sattering in the o-energy shell, OFFES, impulse approximation. The lines
and vetors have the same meaning as in Fig. 1.
with φ the angle between ∆ and K. On the energy shell, φ = π/2. The matrix elements of the transition amplitude
are half on the energy shell sine Q12 = √2µ12ω12/h¯, but Q ′12 6= Q12, as represented shematialy in Fig. 4.
This approah is however impratial if one has only on-shell sattering amplitudes for the sattering from the
subsystems. This is the ase, for example, when these amplitudes are obtained by tting sattering data. We note
that for small sattering angles, the sattering angle for projetile subsystem I = 2 sattering, θ12, satises
θ1,2 ∼
µ1(23)
µ12
θ . (48)
This means that the range of physial momentum transfers over whih the on-shell t12 transition amplitude is dened
is smaller than the range of momentum transfers aessible in for the sattering from the 3-body system.
If the dependene of the transition amplitude tˆI(ω1I ,∆,K1I , φ) in Eq. (47) on the total momentum is assumed to
be small then we an replae the matrix elements by their on-shell values at the appropriate energy. On the energy
shell, the total momentum K is related to the momentum transfer ∆, and φ = π/2. In most urrent multiple sattering
appliations [7, 8, 9℄ the on-shell approximation is made within a partial wave expansion of the transition amplitude,
but the angular diretion is kept onstant. We refer to this fatorized impulse approximation approah as projeted
on-energy shell [POES℄.
Making use of Eq. (47) and Eq. (23) the total sattering amplitude F an be written in terms of the sattering
amplitudes for eah subsystem fI , where the normalization oeients are given as in Eq. (33).
B. The Fixed satterer or adiabati approximation [FSA℄
Within the xed satterer or adiabati approximation, the internal Hamiltonian between the lusters is taken to a
onstant H¯ , that is, the operator projetile-I target subsystem transition amplitude τI is replaed by
t˜I = vI + vIG˜0t˜I (49)
where G˜0
G˜0 =
(
E+ −K1 − H¯
)−1
. (50)
Even after this simpliation, the solution of this problem involves the solution of a system of oupled equations,
whih in pratie requires trunation of the angular momenta in order to make the problem solvable [15℄. A notable
simpliation of the problem is ahieved in general when one neglets the interation of the projetile with all the
fragments exept the ore [7, 16℄, the so alled ore-reoil model. In this partiular ase, the few-body problem an
be exatly solved, leading to a simple fatorized expression, the produt of the transition amplitude for the sattering
from the ore evaluated at the appropriate energy and a struture form fator.
Within the FSA framework for the ase where the interation between the projetile and fragment 3 is negleted
the total transition amplitude takes the form,
TFSA = 〈~k ′1|t˜2(E)|~k1〉ρ23
(
m3
M23
~∆
)
. (51)
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We note that in the FSA approah, the energy parameter is E = h¯k21/2µ1,23 and thus, a distintive feature of the FSA
is that the two-body amplitude is alulated with the redued mass µ1,23, instead of the redued mass appropriate
for the two-body sattering whih appears in the FIA sattering amplitude. In the general ase, i.e., when the
interation with the two target subsystems is onsidered, one an perform a multiple sattering expansion of the
few-body amplitude in terms of the individual T-matries t˜I for the fragments whih, in leading order, yields the
fatorized expression,
TFSA = 〈~k ′1|t˜2(E)|~k1〉ρ23
(
m3
M23
~∆
)
+ 〈~k ′1|t˜3(E)|~k1〉ρ23
(
m2
M23
~∆
)
, (52)
In priniple, the xed satterer approximation is oneptually dierent from the fatorized impulse approximation, in
any of the versions disussed above. However,we shall show further down that in the high energy limit, the alulated
elasti sattering observables using the FSA and the FIA (POES or Rihan) are essentially idential. The formal
relation between the FSA and FIA and their relation with the Glauber theory will be explored elsewhere.
IV. THE SINGLE SCATTERING 4-BODY PROBLEM
We onsider now the ase of proton sattering from a nuleus assumed to be well desribed by a three body model
(for example
11
Li), as a ore (here labeled as subsystem 4) and two valene weakly bound systems (subsystems 2 and
3). Negleting ore exitation, the target wave funtion is
Φ(~r, ~R, ξ4) =
[
φ23,4(~r, ~R)⊗ ϕ4(ξ4)
]
, (53)
where ϕ4(ξ4) is the ore internal wave funtion and φ23,4(~r, ~R) the three body valene wave funtion relative to the
ore. The internal degrees of freedom of the ore are denoted globally as ξ4. The total transition amplitude is then
T IA = 〈~k ′1Φ|tˆ12|~k1Φ〉+ 〈~k ′1Φ|tˆ13|~k1Φ〉+ 〈~k 1Φ|tˆ14|~k1Φ〉
+ · · · (54)
where within the single sattering approximation only the rst three terms are taken into aount. We rst onsider
the situation where partile 1 satters from one of the valene systems, named subsystem 2. The relevant Jaobian
oordinates are
~q1,2 =
m2~k1 −m1~k2
M12
(55)
~q2,3 =
m3~k2 −m2~k3
M23
(56)
~q23,4 =
m4 ~P23 −M23~k4
M234
, (57)
where
~P12 = ~k1 + ~k2, ~P34 = ~k3 + ~k4, et. In the enter of mass of the total four-body system, ~Pt =
∑4
i=1
~ki = 0. The
intermediate states propagator is given by
Gˆ0 =
(
E+ − h¯
2
2µ12
~q 212 −
h¯2
2µ34
~q 234 −
h¯2
2µ12,34
~q 212,34
)−1
(58)
with
~q12,34 =
M34 ~P12 −M12 ~P34
M1234
(59)
~q3,4 =
m4~k3 −m3~k4
M34
(60)
and µ12, µ34, µ12,34 = M12M34/M1234 the appropriate redued masses. Using the fat that the operator tˆ12 is
independent of the spatial variables of the ore, the single sattering matrix elements are given by
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〈~k′1φ23,4|tˆ2|~k1φ23,4〉 =
∫ ∫
d~q23 d~q23,4φ
∗
23,4
(
~q23 − m3
M23
~∆, ~q23,4 − m4
M234
~∆
)
〈~q ′1,2|tˆ2(ωˆ12)|~q1,2〉φ23,4 (~q23, ~q23,4) (61)
The initial (and nal) relative momentum between the projetile and the subsystem I = 2, ~q1,2 (~q ′1,2) are respetively
~q1,2 =
µ12
µ1,234
~k1 − µ12
m2
[
~q23 +
m2
M23
~q23,4
]
~q ′1,2 =
µ12
µ1,234
~k ′1 −
µ12
m2
[
~q ′23 +
m2
M23
~q ′23,4
]
=
µ12
µ1,234
~k ′1 −
µ12
m2
[
~q23 +
m2
M23
~q23,4
]
− µ12
m2
[
m3
M23
+
m2
M23
m4
M234
]
~∆ , (62)
with α12 = µ12/m2 dened as in the 3-body ase. The energy parameter ωˆ12 is
ωˆ12 = E − h¯
2
2µ34
[
m3M234
M23M34
~q23,4 − m4
M34
~q23
] 2
− h¯
2
2µ12,34
[
M34
M234
~k1 +
m2
M23
~q23,4 + ~q23
] 2
(63)
We note that expressions Eq. (62) and Eq. (63) redue to the 3-body problem in the limit where we take m4 = 0.
We now onsider the situation where partile 1 satters from the ore named subsystem 4. The relevant Jaobian
oordinates are ~q2,3, ~q23,4 and
~q1,4 =
m4~k1 −m1~k4
M14
. (64)
The intermediate states propagator is given by
Gˆ0 =
(
E+ − h¯
2
2µ14
~q 214 −
h¯2
2µ23
~q 223 −
h¯2
2µ14,23
~q 214,23
)−1
, (65)
with
~q14,23 =
M23 ~P14 −M14 ~P23
M1234
(66)
and µ14, µ23, µ14,23 = M14M23/M1234 the appropriate redued masses. The single sattering matrix elements for the
sattering from the ore
〈~k′1φ23φ4|tˆ4|ϕ4φ23,4~k1〉 =
∫ ∫
d~q23 d~q23,4φ
∗
23,4
(
~q23, ~q23,4 +
M23
M234
~∆
)
〈~q ′1,4φ4|tˆ4(ωˆ14)|ϕ4~q1,4〉φ23,4 (~q23, ~q23,4)(67)
The initial (and nal) relative momentum between the projetile and the subsystem I = 4, ~q1,4 (~q ′1,4) are respetively
~q1,4 =
µ14
µ1,234
~k1 +
µ14
m4
~q23,4 ,
~q ′1,4 =
µ14
µ1,234
~k ′1 +
µ14
m4
~q ′23,4 . (68)
The energy parameter ωˆ14 is
ω14 = E − h¯
2
2µ23
q 223 −
h¯2
2µ14,23
[
M23
M234
~k1 − ~q23,4
] 2
. (69)
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In the limit where we take m3 = 0, these equations redue to the 3-body ase. As in the 3-body ase, it is desirable
to obtain after suitable approximations a fatorized expression of the transition amplitude matrix elements and the
target form fator
ρ23,4(~∆1, ~∆2) =
∫
d ~Q1d ~Q2 φ
∗
23,4( ~Q1 + ~∆1, ~Q2 + ~∆2)
× φ23,4( ~Q1, ~Q2) . (70)
In here φ23,4( ~Q1, ~Q2) is the Fourier transform of the wave funtion of the two body valene system relative to the ore
φ
23,4
(~r, ~R). The fatorized impulse approximation expression for the 4-body ase is
TFIA = 〈 ~Q ′12|tˆ2(ω12)| ~Q12〉ρ23,4
(
m3
M23
~∆,
m4
M234
~∆
)
+ 〈 ~Q ′13|tˆ3(ω13)| ~Q13〉ρ23,4
(
m2
M23
~∆,
m4
M234
~∆
)
+ 〈 ~Q ′14φ4|tˆ4(ω14)|φ4 ~Q14〉ρ23,4
(
0,
M23
M234
~∆
)
(71)
where
~Q and ω are the appropriate relative momenta and energy parameter respetively to be disussed bellow, whih
are a generalization of the 3 body ase.
1. The 4b on-shell FIA [Kujawski and Lambert℄
Within this approximation, the relative momenta between the subsystems q23 and q23,4 are negleted when ompared
with the inident projetile momenta in the matrix elements of the projetile subsystem transition matrix elements
whenever they appear, that is,
| ~Q23| = | ~Q ′23| = 0
| ~Q23,4| = | ~Q ′23,4| = 0 . (72)
From Eq. (62) one obtains for the relative momenta between the projetile and subsystem I = 2
~Q12 = µ12
µ1,234
~k1 , ~Q ′12 =
µ12
µ1,234
~k ′1 (73)
and for the energy parameter
ω12 =
µ12
µ1,234
E (74)
and similarly for the sattering from subsystems I = 3, 4. The single sattering terms an then be written as
T = 〈 µ14
µ1,234
~k ′1|tˆ4(ω14)|
µ14
µ1,234
~k1〉ρ23,4
(
0,
m23
M234
~∆
)
+ 〈 µ12
µ1,234
~k ′1|tˆ2(ω12)|
µ12
µ1,234
~k1〉ρ23,4
(
m3
M23
~∆,
m4
M234
~∆
)
+ 〈 µ13
µ1,234
~k ′1|tˆ3(ω13)|
µ13
µ1,234
~k1〉ρ23,4
(
m2
M23
~∆,
m4
M234
~∆
)
.
(75)
By onstrution, from Eqs. (73-74) the matrix elements of the transition amplitudes are on-shell.
As in the three-body ase the total sattering amplitude, F , an be written in terms of the sattering amplitudes
for eah subsystem fI , where the normalization oeients are
N1I =
(
µ1,234
µ1I
)2
, I = 2, 3, 4 (76)
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2. The 4b on-shell FIA [Rihan℄
The extension of the optimal fatorized approximation disussed in the work of Rihan [11, 12℄ to the four-body
problem is straightforward. The relative momentum between the subsystems is taken to the mid-point value where
the produt of the wave funtion peaks. For the sattering from subsystem I = 2 this yields
~Q23 =
1
2
m3
M23
~∆
~Q23,4 =
1
2
m4
M234
~∆ , (77)
whih leads to
~Q1,2 = βˆ12~k1 − α12γˆ12
2
~∆ , (78)
with α12 dened as in the three-body ase and βˆ12 = µ12/µ1,234, γˆ12 = M34/M234. Note that these expressions redue
to the 3-body ase in the limit where we take m4 = 0. Sine this approximation involves on-shell matrix elements the
energy parameter an be evaluated as
ω12 =
h¯2
2µ12
| ~Q12|2 = E µ12
µ1,234
Ĉ12 (79)
with
Ĉ12 =
[
µ1,234
µ12
]2
[1 + C12 + C12 cos θ] , (80)
where θ is the sattering angle and
C12 = −α12γˆ12 + 1
2
α212γˆ
2
12 . (81)
The normalization fator is formally idential to the three-body ase, Eq. (42), with Ĉ12 replaed by Eq. (80). Similar
expressions an be derived for the ase of the sattering from subsystem I = 3. In the ase of the sattering from
subsystem I = 4, the optimal approximation presribes
~Q23 = 0
~Q23,4 = −1
2
M23
M234
~∆ (82)
whih leads to
~Q1,4 = µ14
µ1,234
~k1 − µ14
m4
1
2
M23
M234
~∆
= βˆ14~k1 − α14γˆ14
2
~∆ (83)
with βˆ14 =
µ14
µ1,234
, γˆ14 =M23/M234 and for the energy parameter,
ω14 =
h¯2
2µ14
Q214 = E
µ14
µ1,234
Ĉ14 (84)
with
Ĉ14 =
[
µ1,234
µ14
]2
[1 + C14 + C14 cos θ] (85)
where
C14 = −α14γˆ14 + 1
2
α214γˆ
2
14 . (86)
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3. The 4b on-shell FIA [Crespo and Johnson℄
In this approah the initial relative momenta q23, q23,4 are negleted in the transition matrix elements momentum
transfer. For the sattering of subsystem I = 2
~Q12 = µ12
µ1,234
~k1 , ~Q ′12 = ~Q12 + ~∆ (87)
and similarly for the sattering of the other subsystems.
V. THE
6
He STRUCTURE MODEL
The
6
He is here desribed as a three-body system n+n+4He. The bound wave funtions are obtained by solving the
Shrödinger equation in hyperspherial oordinates. We onsider two struture models dened in terms of dierent
eetive 3-body (3B) potentials, whih are introdued to overome the underbinding aused by the other losed
hannels, most important of whih the t+t breakup. In both models the n-4He potential is taken from Ref. [17, 18℄,
and use the GPT NN potential [19℄ with spin-orbit and tensor omponents. In the rst model (R5) of [20℄ the 3B
eetive potential in the hyperspherial oordinates is given as a funtion of the hyperradius ρ
V (R5)(ρ) =
−V3
1 + (ρˆ/5)3
. (88)
In the seond model (R2) of [21℄ the potential is dened as
V (R2)(ρ) = −U3 exp(−ρˆ3) . (89)
In these equations ρˆ = ρ/ρ0, where ρ0= 5 fm and 1 fm for R5 and R2 respetively. The strength of the 3B eetive
potential is tuned to reprodue the experimental three-body separation energy, with V3=1.60 MeV and U3=293.5
MeV. The models R5 and R2 predit, with an α partile rms matter radius of 1.49 fm, 6He rms matter radii of 2.50
fm and 2.35 fm respetively.
VI. RESULTS
In this setion we evaluate the elasti sattering dierential ross setion for the sattering of protons on
6
He at
Elab = 717 MeV within the four-body FIA single sattering approximation and Fixed satterer approximation FSA.
In the ase under study, the single sattering terms involves ontributions from the valene nuleons and from the
4
He ore.
A. p+luster
In the fatorized impulse approximations disussed in the present work, the total T-matrix is expressed in terms of
the on-shell matrix elements of the two-body amplitudes evaluated at an appropriate momentum transfer and energy.
The NN on-shell sattering amplitudes were obtained from a realisti NN Paris interation, as in [7, 8, 9℄.
The two-body sattering amplitude for the sattering p+4He was alulated with a phenomenologial optial po-
tential, with parameters obtained by tting existing data for the elasti sattering p+4He at Ep = 700 MeV [22, 23℄
and 800 MeV [24℄. We onsider two dierent parametrizations for the p+ α optial potential. In the rst one, based
on the work of Baldini-Neto et al. [25℄ we take the optial potential as a sum of two terms, real and imaginary, of
Gaussian shape
U(r) = V0F(r, r0) + iW0F(r, ri) (90)
with F(r, rx) = exp(−r2/r2x). The values of the radii and the real and imaginary depths were adjusted simultaneously
in order to minimize the χ2 with the experimental data. These ts were performed with the omputer ode FRESCO
[26℄, version frxy. The nal values of these parameters where V0=+73 MeV, r0=1.37 fm, W0=-162 MeV and ri=1.32
fm.
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FIG. 5: (Color online) Calulated elasti sattering for p+4He at Ep=700 MeV (solid lines) and 800 MeV (dashed lines), using
a Gaussian and a Woods-Saxon parametrization as desribed in the text. The data are taken from Refs. [22, 23, 24℄
.
We have also taken a phenomenologial potential of Woods-Saxon (WS) shape, i.e.:
U(r) = V0f(r, r0, a0) + iWif(r, ri, ai) (91)
with f(r, rx, ax) = [1 + exp[(r −Rx)/ax]−1, where Rx = rxA1/3.
To redue the number of degrees of freedom in the best t searh we onstrained the parameters to r0=ri and a0=ai.
With this ondition, a best-t analysis of the data yields the values V0=+72 MeV,Wi=-115 MeV, r0=ri=1.14 fm, and
a0=ai=0.31 fm. Note that with both geometries the real potential was positive in our ts, indiating a dominane of
the repulsive part in the p+4He interation at these energies. The data and alulated dierential elasti ross setions
obtained with these parametrized potentials for p+4He at Ep=700 and 800 MeV are shown in Fig. 5. The solid and
dashed lines, orresponding to Ep=700 MeV and 800 MeV respetively, reprodue very well the forward sattering
data for both the Gaussian and Woods Saxon parametrization. By ontrast, the alulated dierential ross setion
tends to deviate from the data of [24℄ at larger angles in the ase of the Gaussian parametrization. The WS optial
model improves the t in this angular region.
B. p+6He
The two-body NN and p + α sattering amplitudes obtained by tting elasti data are now used to evaluate the
total transition amplitude for p+6He sattering.
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FIG. 6: (Color online) Calulated p+6He elasti sattering at 717 MeV for two dierent optial potentials for p+4He. The data
is taken from [27, 28, 29℄.
The Coulomb interation was inluded in an approximate way as summarized in appendix A. The elasti sattering
observables shown in here were evaluated using relativisti kinematis as disussed in detail in appendix B. The
relativisti kinemati eets nevertheless were found to be small. In Fig. 6 we study the dependene of the alulated
dierential ross setion for p+6He elasti sattering with respet to the underlying p+4He optial potential as a
funtion of the squared four momentum transfer −t = ∆2. The solid and dashed lines represent the FIA-POES
alulation using the Gaussian and WS Optial model parametrizations for ore sattering. At higher momentum
transfers the WS alulation gives a slightly bigger redution of the ross setion. The dierene with respet to the
Gaussian parameterization is small, and both parametrizations predit essentially the same dierential ross setion.
The onlusions of the present work are therefore essentially independent of the underlying OM potential for the
sattering from the ore. We shall be using for deniteness the WS potential in all subsequent alulations.
In Fig. 7, the thik solid line represents the alulated dierential elasti ross setion for p+6He using the FIA-
POES approximation. The dashed line was obtained negleting the single sattering ontribution from the valene
neutrons. By omparing these two alulations, one nds that the ore ontribution dominates the large angle region
but underpredits the forward dierential ross setion. Also shown in the gure is the alulated elasti ross setion
for p+4He (thin solid line). For values of −t < 0.03 (GeV/)2 (θc.m. < 11◦) the alulated p+6He ross setion is
signiantly bigger than the p+4He ross setion, providing a good agreement with the experimental data. Comparison
of the two FIA alulations indiate that this enhanement on the ross setion is mostly due to the presene of the
valene neutrons, sine the FIA alulation with ore ontribution alone is very lose to the p+4He distribution at
these angles.
By ontrast, for larger values of momentum transfer, the few-body alulation is smaller than the p+4He urve. One
notes from the gure that the two FIA alulations (ore and ore+valene single sattering) are very lose to eah
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FIG. 7: (Color online) Experimental and alulated p+6He elasti sattering at 717 MeV within the FIA-POES approximation.
For omparison purposes, the OM alulation for p+4He elasti sattering, at the same energy per nuleon, is also inluded.
other at large momentum transfer, indiating that, at least within the single sattering approximation, the depletion
of the ross setion at larger angles is mostly a onsequene of ore reoil eets. Although the experimental p+6He
data exhibit a depletion of the ross setion with respet to the p+4He distribution, the redution predited by the
FIA alulation is too small to explain the data.
In Fig. 8 we ompare the alulated p+6He ross setion using the FIA-POES (thik solid line), the FIA-KL (dashed-
dotted line) and the FSA (adiabati) approximation (long dashed). The ross setion alulated with the FIA-Rihan
approximation is very similar with the FIA-POES and therefore it is omitted from the gure. The dierene between
the predited dierential ross setions largely reets the dierent rms matter radii.
The alulated dierential ross setion using FIA (POES and Rihan) and FSA are very similar. The elasti
sattering observable alulated using the KL impulse approximation deays more slowly and the agreement with the
data is omparatively even poor at the large angle region.
We now study the sensitivity of the results with respet to the
6
He wavefuntion. In partiular, we ompare in
Fig. 9 the FIA-POES alulations obtained with the R5 (thik solid line) and R2 (dashed line)
6
He models disussed
in setion V. Both models give nearly idential results at low momentum transfer, but the R5, having a larger radius
than R2, exhibits a larger redution of the ross setion at large sattering angles. However, these dierenes do not
appear to explain the disagreement between the alulations and the data, and are muh smaller than the dierenes
obtained when using dierent sattering approximations.
From the analysis presented in this setion, we an onlude that the fatorized impulse approximations, in the
dierent versions here presented, desribe fairly well the elasti sattering data for p+6He at small momentum transfer.
In partiular, they all show an inrease of the ross setion with respet to the p+4He sattering, showing the eet
of the valene neutrons on the elasti sattering. At momentum transfers above 0.05 (GeV/)
2
all the alulations
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FIG. 8: (Color online) Experimental and theoretial p+6He elasti sattering at 717 MeV per nuleon, for several sattering
models disussed in the text. The alulated p+4He elasti distribution is inluded for omparison.
tend to overestimate the data, irrespetive of the struture model used.
VII. CONCLUSIONS
In this work we have reviewed and ompared several approahes for the sattering of a nuleus by a weakly bound
omposite, based on the multiple sattering expansion of the total sattering amplitude, namely, Fatorized Impulse
and Fixed Satterer/Adiabati Approximations.
The Fatorized Impulse Approximation (FIA) neglets the inter-luster interation and approximates the relative
momentum between the loosely bound lusters. As for the Fixed Satterer approximation (FSA) it replaes the
internal Hamiltonian by a onstant.
As a ommon feature, all these approahes express the single-sattering term as a produt of a two-body sattering
amplitude for the sattering of the fragment times a struture formfator, whih depends on the internal wavefuntion
of the omposite system. This fatorized form provides a simple interpretation of the sattering observable, by
separating the role of the struture from the reation dynamis.
These approahes have been then applied to the sattering of
6
He on protons at E=717 MeV per nuleon, using
p-n amplitudes derived from a realisti NN potential, and p+4He amplitudes obtained from an optial model t of
existing elasti data. All the approximations here sueed in reproduing the p+6He elasti data at small sattering
angles. We found it ruial to inlude the eet of the valene neutrons to the single sattering ontributions in order
to explain the inrease of the ross setions with respet to the p+4He elasti data at the same energy per nuleon.
At larger angles, both FSA and FIA alulations tend to overestimate the data.
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FIG. 9: (Color online) Experimental and alulated p+6He elasti sattering at 717 MeV for two dierent models for the 6He
ground state.
This disagreement at larger angles ould be traed to the neglet of higher order terms in the T-matrix expansion
and will be disussed elsewhere.
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APPENDIX A: TREATMENT OF THE COULOMB POTENTIAL
The elasti dierential angular distribution is evaluated from the total sattering amplitude
FFIA = N 1/212 fˆ2(ω12, ~κ12)ρ23,4
(
m3
M23
~∆,
m4
M234
~∆
)
+ N 1/213 fˆ3(ω13, ~κ13)ρ23,4
(
m2
M23
~∆,
m4
M234
~∆
)
+ N 1/214 fˆ4(ω14, ~κ14)ρ23,4
(
0,
M23
M234
~∆
)
.
(A1)
In this equation, the sattering amplitude from the ore inludes the Coulomb interation. The entral sattering
amplitude is taken as
fˆ c4 (θ) = f
pt
C (θ)
+
1
Q14
∑
L
exp(2iσL)[(L+ 1)T
L+
4 (N)
+ LTL−4 (N)]PL(cos θ) . (A2)
In Eq. (A2), fptC (θ) is the Coulomb sattering amplitude due to a point harge Z4e and Q14 is the asymptoti
projetile-ore wave number. The TL±4 (N) are dened aording to
TL±4 (N) =
exp
[
2iδL±4 (N)
]− 1
2i
, (A3)
where L± denotes the orbital and total angular momenta, J = L ± 12 and δL±4 (N) are the Coulomb modied phase
shifts [30℄. It follows from Eqs. (A1-A2) that the point Coulomb sattering amplitudes appears multiplied by the
struture form fator ρ23,4
(
0, M23M234
~∆
)
. Although this is an approximate treatment of the Coulomb interation, it will
only have eets at very small projetile momentum transfer and therefore does not modify the onlusions of the
present work.
APPENDIX B: RELATIVISTIC KINEMATIC EFFECTS
In this setion we desribe how the expressions of setions III and IV should be modied in order to take into aount
relativisti kinematis. For simpliation we onsider the 3-body ase Eq. (18). Expressions an be straightforward
generalized to the 4-body ase. For simpliity, we shall take in this setion c = 1.
Within MST, the projetile-target sattering sattering amplitude is onstruted from the projetile-subsystem
sattering amplitude as desribed in the text. We shall disuss the relativisti kinematis for the sattering of both
the omposite and eah subsystem.
Let us onsider the elasti sattering of projetile labelled 1 with a target A with rest mass m1 and mA respetively,
1 +A→ 1 +A (B1)
In our ase A represents the omposite (2+3) two-body system. In relativisti kinematis one introdues the Lorentz
invariant Mandelstam variable s1A = (E1 + EA)
2
[1℄. The dierential ross setion for projetile-target with respet
to the four momentum transfer t1A is related to the .m. dierential ross setion as:
dσ
dt1A
=
π
k21
dσ
dΩ
, (B2)
where t1A = −|∆|2 = 2k21(cos θc.m. − 1) and k1 the projetile momentum in the projetile-target CM frame, that an
be obtained from the Mandelstam variable s1A. The ross setion is evaluated from the sattering amplitude, related
to the matrix elements of the total transition amplitude aording to [1℄
F =
(2π2)4
h¯v1
k21
dk1
dω
〈~k ′1|T (ω)|~k1〉 , (B3)
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with ω =
√
s1A −m1 −mA.
Let us now onsider now the projetile sattering from subsystem I = 2. As before, one introdues the Mandelstam
variable for the interating pair s12. For simpliation, we shall take the relative momentum of the interating pair
q23 nonrelativistially. We shall onsider in here the two situations where q23 = 0 (as in KL and POES impulse
approximation) and q23 6= 0 (as in optimal approximation disussed by Rihan)
• In the former ase, in the laboratory frame k2 = k3 = 0 and the Mandelstam variable s12 an be readily
evaluated
s12 = m
2
1 +m
2
2 + 2m2(m1 + T
Lab
1 ) . (B4)
• In the later ase, where ~q23 = 12 m3M23 ~∆, it is more onvenient to evaluate s12 in the projetile-subsystem I = 2
CM frame. In this ase,
s12 =
(√
m21 +
~k21 +
√
m22 +
~k22
)2
− (~k1 + ~k2)2 (B5)
To evaluate s12, one takes k1 from the Mandelstam invariant s1A. The last term gives
(~k1 + ~k2)
2 =
1
2
γ212k
2
1 [1 + cos θc.m.] (B6)
and
k22 = k
2
1
[
χ212 +
1
4
γ212 − γ12χ12 cos θc.m.
]
(B7)
where χ12 = m2/M23 +
1
2γ12
The dierential ross setion for the sattering from subsystem I with respet to the four momentum transfer t12, is
related to the .m. dierential ross setion as:
dσ
dt12
=
π
Q212
dσ
dΩ 12
, (B8)
where t12 = −|κ12|2 = 2Q212(cos θ1,2 − 1) and Q12 the projetile momentum in the projetile-subsystem CM frame
that an be obtained from s12. The elasti sattering amplitude is related to the T-matrix elements through:
f2 =
(2π2)4
h¯v1
k21
dk1
dω12
〈 ~Q′12|tˆ2(ω12)| ~Q12〉 , (B9)
with ω12 =
√
s12 −m1 −m2 .
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